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Generalised Srip Yield Crack Arrest Model for a Piezoelectric Strip
with Transverse Crack
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Abstract : A study is carried for arrest of opening of a crack and fatigue crack growth rate for
a piezoelectric ceramic strip weakened by a transverse, finite, hairline straight crack. A strip
yield model is considered under anti-plane shear stress and in-plane electric loading conditions.
The developed dlide zone rims are subjected to quadratically varying yield point cohesive anti-
plane shear stress to arrest the crack from further opening. Fourier integral transform method is
employed, which reduces problem to the solution of Fredholm integral equation of second kind.
Thisintegral equation in turn is solved numerically. Expressions are derived for the length of
dide zone, crack diding displacement and crack growth rate. A qualitative study is presented
for the parameters affecting the opening of the crack with respect to the strip width, material
constants etc. in the form of the graphs. The results obtained are analyzed and conclusions are
drawn.
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I ntroduction

Ever search for light weight, strong,
durable and smart materiasfor technologica
purposes have drawn attention towards the
poled piezoelectric materials. By now the
piezodectric crystas have proven their wide
utility in medical technology, submarine
technology, electronic equipments etc. Its
wide utility has attracted researchers to
investigate the behavior of mechanics of
cracking for piezodlectric ceramics. A lot of
work has been reported on cracksin infinite
piezodectric ceramicsviz. Pak (1992), Dunn
(1994), Park and Sun (1995), Zhang et al.
(1996), Bhargava and Saxena (2005) to
quote few.

As the present paper deals with
cracked piezoelectric strip problem, an

attempt is made to discuss the devel opment
of research on such types of problems
below:

Shindo et al. (1990) found singular
stress and electric fields for a cracked
piezodectric strip. These studies are further
extended to investigate the electroelastic
intengfication near the anti-plane shear crack
in an orthotropic piezodectric ceramic strip
using theory of linear piezoelectricity by
Shindo et al. (1996). Narita and Shindo
(1998) proposed a generalized Dugdale
model for cracked piezodectric ceramic strip
to study the fatigue crack growth rate under
anti-plane shear stress and in-plane eectrica
loading conditions. Yu and Chen (1998)
studied the transient response of a cracked
infinite piezoelectric strip under anti-plane
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impact. Wang and Noda (2000) obtained
the solution of the generalized plane
deformation problem of a piezoelectric
materia strip with crack using Laplace and
Fourier transforms method. Wang and Mai
(2002) dedlt with the problem of a cracked
piezod ectric materia strip under combined
mechanical and electrical loads. Both
permeable crack and impermeable crack
assumptions are considered by them. Wang
(2004) considered a mode-I11 crack
problem for functionaly graded piezodectric
materia gtrip, for the case when mechanical
and electrical properties of the strip are
consdered to be of the class of functionsfor
which the equilibrium equations have an
analytic solution. Zhang and Deng (2005)
formulated cohesive zone modd for sudying
crack initiation and crack propagation
phenomena. The method of determination of
the pre-fracture zone length and the crack
opening displacement for a plane-strain
problem of electrically permeable crack
located in a thin interlayer between two
identical piezoelectric materidsis suggested
by Loboda et al. (2006). A finite mode-111
crack in apiezoelectric semiconductor of 6
mm crystasisanayzed by Hu et al. (2007)
using Fourier transform method.

A generalized Dugdale crack arrest
model solution is obtained in this paper for
a piezoelectric strip weakened by a
transverse draight crack, the developed dide
zones are arrested by anti-plane quadraticaly
varying yield point shear stress. Expressions
are derived for crack diding zone and crack
diding displacement. Crack growth rateis
also obtained under cyclic loading.

Mathematical Formulation

A poled piezoelectric strip occupies
oxyz plane. The strip is poled along oz
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direction and isthick enough in z- direction
to dlow the state of anti-plane shear (Fig. 1).
In this case the boundary value problemis
smplified congderably if one consdersonly
the out-of-plane displacement u, and in-plane
electricfield E (i = x, Y, 2) such that

u,=u, =0 and u =w(xy), .. Q)
B =Ex.y), E,=F(zy) and & =0
...... (2

The condtitutive rdaionsfor transversdy
isotropic piezoelectric ceramics may be
written as

O =cyW, —e.8, . 3
T =cggW,—es, . L (4)
Do=eow, +5,8 . (5)
D, =epw, +e,%, ., L (6)

where o,, and o, are the shear
stresses, D, and D, are the electric
displacement componentsin x, y directions.
The eladtic stiffness congtant ¢, is measured
in a constant electric field, the dielectric
constant €, ismeasured at constant strain
and piezoelectric constant is denoted by €.
A commaimpliesthe partid differentiation
with respect to the argument following it.

As is well-known the electric field
components are related to electric potential

¢ by
E?{

-, and Ey = —.;E.‘?,J,

Congtitutive equationsfor thiscase are
obtained by substituting values from
governing equations (3-6) into stress and
electric digplacement equilibrium equations,
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These may be written as

Cy Vowte V=0, L. (8)
o Viw—g,Vig=0 .. 9)
2 2
Notethat V* = v + 8_y2 denotes the two- dimensional Laplacian operator.

Solution for equations (8, 9) may be written using Fourier integral transform method
and taking the inverse Fourier transform, as

oo

W(X,y) = %j{ﬁl(a) e ™ cos(ax)+ A (a)cosh(ax)sin(ay)lda+ay  (10)

=

#(X,y) = %j{Bl(a) e ™ cos(ax) + B, (a)cosh(ax)sin(ay)lda-by  (11)

where A() and B () (i=1, 2) are the unknown functions to be determined a_ and

b_, arethe arbitrary constants determined from the boundary conditions at infinity.

The Problem and Solution singularity isencountered first. Consequently,

A piezodlectric strip occupiesthe region under small-scale yielding, a slide zone
_h<x<h in  oxyz protrudes ahead of each tip of the crack. The

coordinate system (Fig.1) and is thick ~ Sidezones I'; and I', developed at thetips

enough in z-direction to allow the state of - 3 and a occupy theintervals —-b < x < -a
anti-plane shear. The piezoelectric ceramic
grip exhibits symmetry of ahexagond crysd
of class 6 mm with respect to principa X, y
and zaxes. Thedtripisweskened by afinite,  plane shear stress to arrest the
hairline straight crack, L, the crack liesinthe

interva . The edges of the

strip are stress and charge free. The infinite
boundary is subjected to anti-plane shear

and ; y=0, respectively. Therims
of the dide zones are subjected to an anti-

crack from further opening, where 7, isthe

yield point shear stress of the stripand x is
any point on the slide zone. Because of
_ . symmetry in geometry and load conditions,
stress  andin-planeelectricload D.. or s gjfficient to consider the problem for the

E_ asthe case may be. Consequently, the  region 0< x<h, . Fig. 1 below

crack yields both mechanically and  depicts the schematic presentation of the
electrically. The ceramic of the stripbeing ~ configuration of the problem.
mechanically more brittle a mechanical
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Fig. 1 : Schematic presentation of configuration of the problem
The mathematica mode of the above case may be written asfollows: The piezoelectric
grip occupiestheregion ,iscut dong aninterna crack

y=0{formed of the union of intervas }. The boundary conditions
of the problem mathematically be written as

2

() O'yz(x,O):%ryeH(x—a), 0<x<b
(ii) w(x,0) =0, b<x<h
(ill)E, (x,0) = EY (x,0) 0<x<a
(iv) ¢(x,0) =0, a<x<h
(v) D,(x,0) =Dy (x,0) 0<x<a
(vi)D,(h, y) =0, for all y
(vii) o (h, y) =0, for all v.

where H(') denotes Heaviside function. Superscript V denotes that the quantities refer
to vaccum inside the crack.
At infinite boundary, two types of boundary conditions are prescribed:
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For each case, the desired potentials w(x,y) and ¢(x,y) are obtained using
equations (10, 11) determining , B(a) (i=1,2)and a_, b_ using the prescribed
conditions of the problem.

Solution for Casel: The congtants a_, b_ are determined employing the boundary

condition (viii) using (10, 11) together with equations (3-6) as

| _ &yl t e.D.

a’ and b' = CuD. — €57, (12)

C44811 + ef5 B C44811 + ef5
Superscript | denote that the quantities refer to the Casel.
Following two sets of dual integral equations are obtained for determining A (¢r) and

B () (i=1, 2) using boundary conditions (i to iv) together with equations (10, 11)

9=
i) Coe 2 [ al{ouh (@) + 658 (@)} cos(ax) - {cu () + 8B, ()} oosh () de
o,(xy)=7., and D/(x,y)=R, forO<x<h,y—eo
(i) Casell :rm—gryeH(x—a) , 0<x<b 13
o,(Xy)=17,, and E (xy)=E, for0<x<h,y—oo
[ A(a)cos(ax)da =0 ,  b<xsh (14)
TBl(a)cos(ax)da =0 , a<x<h (15)
TaBl(a)sin(ax)da:O , 0<x<a (16)

Two new functions ¢, (&) and @, (&) areintroduced to determine A (er) and B, ()
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7rb2

Aa) = j VE 9.(£)Jo(bog)dg (17)

B(a)—— j VE 9,(8)3,(an)dé (18)

Equation (18) together with equation (16) yields B, (¢r) = 0. Unknown functions A, (¢r)

and B, () are determined using edge boundary conditions (vi and vii) and B,(«) = 0.
These may findly begiven as

oo

A@) =— 2[5 A@sin(s)ds, (19)

rasinh(ah) 5

B,(a) =0. (20)
Boundary conditions (vi and vii) and equations (13, 17) yied following Fredholm'sintegra
equation of the second kind to determine ¢, (&) :

cf)+i @,(mk(&,m)dn
7.4¢ o g<d
- Tm\/—+%ry{\/¥+§g2m§1(%ﬂ %<§<1 (21)
wherekernd Kk (£,7) is
=—Jén j th e | (o) () dexr (22)

Notethat |,() denotes zero order modified Bessel's function of the first kind.
Consequently A («) isalso determined.
Solution for Casell : The arbitrary constants a_, b_ for this case are determined

using boundary condition (ix) and may be written as-

al =8B gy b = E (23)

oo Cu
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Superscript 11 denotes that the quantitiesrefer to Case 11. The unknown functions A (o)
and B () (i = 1, 2) remain sameasin Casel.

Applications
Sressintensity factor, slide zone and crack diding displacement

Sliding mode stress intensity factor, K, (b), a thetip x = b is obtained using the
expresson
Ky (b) = Lim{ y27(x~ D), (x, 0} (24)

Sliding mode stressintensity factor for both the Cases 1 and 11, at thetip x = bisgiven
by

K, (b)= \/_%(1) (25)

The condition that the crack stops propagating at X = b yields atranscendental equation
to determine the dide zone length from

b cosl(%j +avb?—a? = za? [ T —f(h/a) ] (26)
where S(Va) = [ @,(mk(&,m)dn. o

Relative crack diding displacement, CSD,,, (x), for therims of the crack is given by

4 2
CD,, (x) = TyeszZ\/bZXZCosl(E} a’ (E} 1}
7Ca b a

{j \/7Cos da+aj \/7 H (28)

Fatigue crack growth rate

Assuming that the results of Static loading conditions can be applied to cyclic loading
conditions by making the subgtitution

AT,
— 7,—>7, and y=D.rz,

AT
T >—) T,—
oo 2 0
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where At =17, —17,; 7, and 7, represent minimum and maximum applied shear stress

at zero electrical loads; 7, isthe cyclic yield strength; D, denotes the critical value of
accumulated plastic digplacement.

da
Thefatigue crack growth rate, N’ under small-scale yielding may be written as-
da T 4
—=——"——-(AK 29
dN 192c,, yr;( n) (29)
where
AK,, ={A7-2S(h/a)}Vra. (30)
Case Study

Case study has been presented for crack opening and fatigue crack growth rate for
piezoelectric ceramics, PZT-4 and PZT-5H. The material properties of the ceramics are
presented below in Table 1.

Tablel: Material constants

Material constants Ceramics
PZT-4 PZT-5H
Cas  (10"°N/m?) 2.56 23
€15 (C/mz) 12.7 17
& (107°C/Vm) 64.6 150.4

The materia constants are taken from Narita et al. (2001).

Fig. 2 depictsthe variation of crack growth rate as the width of strip isincreased for
Case . It may be observed that asthe strip width increases, the crack growth rate decreases.

Also, it may be noted that asthe value of theratio (c,,e,.D,)/(7, C,é,,) iSincreased from

, crack growth rate is considerably reduced.

Similar variation of crack growth rate is plotted for case Il in Fig.3. In this case also,
the crack growth rate reduces and stabilizes as the width of the strip isincreased. The crack

growth rate becomes independent of ceramic properties. Astheratio (eE,)/7, increases
from -0.25 to 0.5, the crack growth rate reduces further.
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Fig.

Fig. 3: Variation of crack growth rate versus strip width to crack length ratio, for

Normalised stress intensity factor range

Normalised stress intensity factor range
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Figures 4 & 5 show the variation of crack growth rate as slide zone to crack length
raio, (b—a)/a, isincreased for Cases | and |1 respectively. It can be seen that crack growth
rate isamost ten times higher for Case | as compare to that for Case I1. The crack growth
rate decreases in both the cases for higher values of theratio, (b—a)/a. For Casell, the
crack growth rate isindependent of ceramic properties. However for Casel, it is dependent
on ceramic properties. As the ratio isincreased from , the crack

growth for Case | reduces and the variation for different ceramics narrows down and for the
value of thisratio equalsto 0.5, the variation for both the ceramics overlaps and becomes

uniformly congtant. In Fig. 5, different curves are drawn for theratio (e E,)/ 7, varying from.

For this case d 0, astheratio (eE,)/ 7, assumes positive higher vaues, the crack growth
reduces and becomes uniformly constant.
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Fig. 4 : Variation of crack growth rate for different values of slide zone to crack
length ratio, for Case |
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Variation of crack growth rate for different values of slide zone to crack
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Conclusion

Using linear theory of piezodectricity, a
strip yield modd is proposed in this paper to
arrest the growth of a semi-gtationary crack.

Applicability of the modd is extended
to study the crack growth under cyclic
loading. The variation of crack growth rate
with respect to width of strip and dide zone
length is studied. The results conclude that
the crack opening is arrested and the crack
growth rate reducesiif the proposed model
isemployed.
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